An equation for the hydration reaction developed by Tomozawa, which was originally applied to a single particle, was applied to the hydration process of Portland cement with a known particle size distribution. We also studied the theoretical change of porosity after hydration as affected by the water-to-cement ratio by using an equation of hydration that considers the particle size distribution. Consequently, we derived a correlation between the porosity and the reaction rate, which was in agreement with the experimental values.
Introduction
The theory of the hydration reaction relevant to the Portland cement was derived by Tomozawa; 1) however, its application is limited to describing the rate of hydration of a single particle. To date, this equation has been used to determine several parameters of the hydration reaction by comparing the numerical results of Tomozawa's equation with the experimental data (rate of heat liberation, etc.).
2),3) A one particle approximation was used to determine several parameters of the hydration reaction.
To apply the equation of hydration to a real particle system, we generalized the equation to apply it to particle size distribution. 4) The generalized equation was used to simulate the hydration of Portland cement by considering its particle size distribution and efficiently determine the parameters of the hydration reaction. Furthermore, by generating Tomozawa's equation, we derived an equation for determining the time dependence of the pore sizes of the Portland cement with a known particle size distribution; the Portland cement was solidified by a hydration reaction using different water to cement ratios.
Maruyama et al. 5) also introduced the concept of a virtual polyhedron that holds individual particles to express the hydration reaction of a particle system using the Rosin-Rammler distribution. As the hydration reaction progresses, it is postulated that each particle in contact with the inner wall of this virtual polyhedron expands. This involves an extremely difficult calculation to estimate the decrease in the cavity size because of the hydration reaction. However, if the porosity of the particle system with an arbitrary size distribution, including the Rosin-Rammler distribution, is identified as a function of particle size distribution, it is no longer necessary to use the complicated calculation described by Maruyama et al. We directly calculated the pore size of cement after the hydration reaction by the void fraction theory. 6) 2. Theoretical consideration 2.1 Superposition of the rate equation of hydration
where, ¹d¡/dt is the rate of reaction, ¡ is the residual fraction (1 ¹ ¡ is the degree of hydration), r 0 is the particle radius, C wï s the concentration of water around the particle,¯is the ratio of stoichiometry in water-cement reaction, μ C is the density of cement, k r is the coefficient of the velocity of the reaction, and k d is the coefficient of the mass transfer. The latter is written as a function of ¡, as given by Eq. (2):
where B d is the coefficient describing the formation of a protective layer that permits diffusion, and C d is the coefficient expressing the destruction of the protective layer. The effective diffusion coefficient D e is written as a function of ¡:
where the degree of hydration arrived at 1/e, D e takes D E . Equation (3) is used to modify the expression for the rate of hydration. The latter is more rapidly decreased than that of the ordinal diffusion process, which the rate of hydration is decreases after the most rapid reaction is complete. It takes the common values,¯= 0.25, μ C = 3.15[g/cm 3 ], and C w¨= 1. Equation (1) deals only with one particle of radius r 0 , whereas in reality, both natural and artificially synthesized cement particles have poly-disperse size distributions. For example, the particle size distribution of Portland cement, f(r i ), is normalized by Eq. (4) (Fig. 1) :
where r i is the radius of the i-th particle.
To apply Eq. (1), which deals with one particle radius only, to a system of differently sized cement particles, it is necessary to generalize Eq. (1) to a form that is applicable to a general size distribution system, as given by Eq. (5) as
The heat of liberation demonstrated by the Portland cement, whose size distribution is shown in Fig. 1 , was measured using a conduction calorie meter. Figure 2 shows the experimental data (black solid curve) and the simulation output (red dotted curve) generated using Eq. (5). The fitting parameters in Eq. (1) are listed in Table 1 .
4)

Hydration reaction of cement with a size distribution system
The hydration reaction begins when the particle (radius r 0 ) comes in contact with the surrounding water. The hydrate product formed on the particle surface two parts, namely, an inner product (r t¯r¯r0 ) and an outer product (r 0¯r¯Rt ), as shown in Fig. 3 .
The residual fraction after hydration ¡ is written as:
where r t is the radius of non-reacted cement particle and r 0 is the initial value at t = 0. Using these values, we get the following relation:
It is assumed that the volume of the hydration product is n times the volume of the reacted part:
In general, the empirical value of n is ¥ 2, i.e.,
The time dependence of radii r t and R t in a cement particle (initial radius r 0 ) is obtained by using ¡(r 0 , t). 
. Hydration reaction of a particle with radius r 0 in contact with surrounding water. Radii r t and R t are radii of nonreactive cement particles and hydrate products formed on particle surfaces, respectively.
The amount of increase in the particle volume (initial radius r 0 ) during time t is
tÞ ð10Þ
The total increase in the volume of the N-particle system with size distribution f(r i ) is
As the expansion of cement particles proceeds further, many contact points are generated by coming contact with each other because of expansion, or increase in the packing density. It is assumed that there is no hydration growth any of the contact points, and that the hydration growth proceeds continuously within the voids only. As the contact area of adjoining particles increases with particle size, the hydration product fills the void fraction. Let V and ¤ be the capacity of the cement particle system and the void fraction, respectively. Then, the total volume of cement particles is represented by V and ¤ as (1 ¹ ¤)V ; therefore,
For simplicity, it is assumed that the capacity V of the cement particle system remains unchanged during the hydration reaction. The void fraction ¦B in this capacity of cement at time t is obtained as
where the void fraction ¤ is defined theoretically as
2.3 Determination of time required for completion of hydration reaction by using water-tocement ratio, W/C Equation (12) is based on an implicit assumption that inexhaustible water exists in the medium of the particle system. In practice, the quantity of the added water has an important influence on the characteristics of the reacted cement such as pore size. The quantity of the added water is defined by the water-tocement ratio, W/C. When the added water is a finite quantity determined by W/C, some definite amount of time is required to consume the additional water. Thus, the time limit t m required to complete the reaction depends on W/C.
To derive the value of t m , it is first necessary to analyze the time dependence of the quantity of water that penetrates the surface of cement particles (Fig. 4) . The flow velocity of water on the reaction side of radius r t across inner and outer products is 1)
The summarized rate of reaction R is expressed by Eq. (15):
The summarized rate of reaction R is also equal to the rate of reaction of water and the cement. The summarized rate of reaction is in proportion to the water concentration at r t , i.e.,
The value of C wri , which satisfies Eqs. (15) and (16) is given as follows:
Then, Eq. (14) is rewritten as
Eq. (17) is the flow velocity of water at time t after the reaction begins at the reaction side r = r t , because both R t and r t are functions of ¡(t). The flow velocity of water that flows toward the inside from the outside product surface is expressed as follows by using the equation of continuity:
By substituting Eqs. (7) and (9) into Eq. (18), we get
Equation (19) expresses the water mass flow rate from the particle surface (initial radius r 0 ) to the inside of the particle per unit area and unit time. By using the density of water μ w , the mass of water is converted to the volume of water as follows:
Thus, the volume of water that a particle (initial radius r i ) absorbs from its surface per unit time is given as: Fig. 4 . Flow velocity of water at reaction side r is written as N w . Notations C wrt , C wr , and C w¨d enote water concentrations at r t , r, and R t , respectively.
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Therefore, the total volume of water that a particle (initial radius r i ) absorbs from its surface during the reaction is given as
The particle radius at time t is, by Eq. (9):
Thus, the total volume of water that the cement particle system, with particle size distribution f(r i ), absorbs from its total surface during time t after the reaction began is given as:
where the number N of particles is calculated from the mass of particles M C and the density of cement μ C , by Eq. (22):
This expression assumes that when the cement particle system absorbs a mass of water M w during time t, the total volume of water is given as follows:
We define the reaction completion time t m required for all the mass M w of absorbed water by Eq. (23):
Using Eqs. (21), (22), and (23), we develop an equation for determining t m :
It is possible to derive the reaction completion time t m by solving Eq. (24) for an arbitrary value of M w /M C (W/C).
Porosity of cement after completion of reaction
We consider the hydration of a Portland cement particle system with size distribution f(r i ). As shown in Fig. 5(a) , V and ¤ are the apparent volume and void fraction of the system, respectively, while the net volume (V C ) is expressed as Fig. 5(b) , we assume the volume V 0 to be the total volume of the cement particles and added water, whose collective surface is larger than the surface of V , the net volume of the added water, and is given by Eq.(25):
where μ w and M w are the density and mass of added water, respectively. On the other hand, we assume the mass of cement particles and the density of cement to be M C and μ C , respectively: 
In this system [ Fig. 5(b) ], ¤B is the void fraction, and the packing ratio of this system is given by Eq.(27):
The void fraction ¤B is obtained by using Eqs. (25), (26), and (27), as follows:
The solution (c) in Fig. 5 shows that the mixing system (b) (Fig. 5) is sufficient. This assumes that the hydration reaction in system (c) in Fig. 5 does not begin immediately after stirring, and that the volume V 0 remains unchanged during the hydration reaction. The porosity ¦ of the cement at time t is given by Eq. (29), as shown in Eq. (12): 
The size distribution data f(r i ) are given by Fig. 1 , and the void fraction of the cement particle system is calculated using Eq. (13) as:
The pore size ¦ decreases with reaction time, because a hydrate is formed on the surface of each particle as the reaction advances.
Experiments 3.1 Preparation of hardened cement
We used the ordinary Portland cement (OPC) manufactured by the Japan Cement Association in our experiments; the constituents of the cement are listed in Table 2 . To control the bleeding effect, we used two-liquid type Visco-top 100 (Kao) as a thickener. The OPC powder was kneaded by hand for 10 min by pouring water at several predetermined water-powder ratios to form a paste. Water was added to 1 mass % of the powder, simultaneously the undiluted solution of the thickener comprising two types of liquids was added to the powder for the solution mass conversion of OPC. Gradually, the paste was hardened, and sealed in a styrene pot for a predetermined period. Then, we arrested the hydration of the hardened material using a large quantity of acetone.
Measurement of the number of pores
After cutting out the hardening body having a thickness of 5 mm at the corners, and performing D-Dry drying for 24 h, we measured the number of pores using a press fit mercury porosimeter.
Measurement of the rate of A-lite reaction
For simplicity, we assumed that the property of the hydration reaction of OPC almost depended on A-lite (abbreviated as C 3 S in Table 2 ) in the early stage of about one month. For preparing crushed hardening body and ¡-alumina as an internal standard material, we dried these samples at 105°C for 24 h and weighed 0.9 and 0.1 g of each, respectively, and after mixing it using an agate mortar, we measured the peaks of A-lite and the alumina using XRD (Smart lab. manufactured by Rigaku Corporation). By employing peak separation using the least squares method, we calculated the peak area of every crystal aspect, and calculated the degree of reaction 1 ¹ ¡ of A-lite using the following expressions. We were calculated using the peak of at 2ª = 43.6 for alumina and 2ª = 51.6 for A-lite. (a) (b) 
In addition, for the ignition raw materials Ig-loss [%], we placed 1g of each dried sample at 1,000°C in an alumina melting pot for 60 min and determined the mass change.
Results and discussion
The time dependences of the degree of hydration 1 ¹ ¡ for various particle radii are shown in Fig. 6(a) . The points of inflection in Fig. 6(a) correspond to the stage when the increase of heat liberation begins, after which the reaction occurs at an increased rate and accelerates with time, as shown in Fig. 2 . Figure 6(b) shows the averaged degree of hydration in Fig. 6(a) by considering the particle size distribution and measured values using the experimental equation given by Eq. (31).
Using Eqs. (28) and (29), the porosity of cement at time t is given as 
where M w /M C is water-cement ratio expressed as W/C. The time dependence of porosity ¦ at various W/C values is shown in Fig.7 . The end points in Fig. 7 at W/C = 0.1, 0.2, and 0.3 corresponds to t m , which are determined by Eq. (24). The porosity is defined as the void fraction at the instant when the reaction reaches midway or is complete. If the void fraction still has some water left, the reaction stops midway after time t; using the time t, the porosity is calculated by considering the residual water left from hydration. In the domain wherein W/C was low (0.3), adequate quantity of water was not spread across the surface of the cement particle system because only few pores contained the requisite quantities of water. Therefore, the porosity increased (Fig. 7) , while the degree of hydration decreased [ Fig. 6(b) ]. Because time entered as a parameter in Figs. 6 and 7 in this manner, the problem encountered in the early stage of the reaction was unavoidable. For W/C ² 0.4, the actual measurements of both the reaction rate (Fig. 6 ) and the porosity (Fig. 7) showed approximately similar behaviors in the early stages of the reaction than the behaviors shown by the theoretical values. These phenomena will be investigated further in the future.
The correlation of porosity ¦ and degree of hydration 1 ¹ ¡, which were calculated numerically using time as a common factor, is shown in Fig. 8 . It showed extremely good agreement with the theoretical and experimental values. Apparently, the relation between the porosity and degree of hydration showed a universal correlation when we derived the relation using these two parameters, and time as a common factor.
In this simulation, the OPC particle was treated as a perfect sphere; however, the cement particle was not spherical in reality. 
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Although an analytical method for investigating the void fractions in non-spherical particle systems has been previously suggested, 7) such analysis for the hydration reactions of nonspherical systems has not been performed yet. The theory behind such hydration reactions is currently under investigation.
Conclusion
In this paper, we generalized the equation for a hydration reaction in one particle to a new equation applicable to hydration reactions occurring in particles with a polydisperse particle size distribution. Moreover, we identified the various hydration reaction parameters for Portland cement, and derived a value for the theoretical porosity after the hydration reaction, which depended on the W/C ratio in the particle mixture. As a result, the theoretical values and experimental values reflected similar behavior, which was in accordance with the correlation of porosity with the degree of hydration.
